In this article we give a Galois-theoretic characterization of the canonical theta structure. The Galois property of the canonical theta structure translates into certain p-adic theta relations which are satisfied by the canonical theta null point of the canonical lift. As an application we give a purely algebraic proof of some 2-adic theta identities which describe the set of theta null points of the canonical lifts of ordinary abelian varieties in characteristic 2. The latter theta relations are suitable for explicit canonical lifting.
Introduction
In this article we prove the characterizing Galois property of the canonical theta structure. In the proof we apply the theory of algebraic theta functions which was developed by D. Mumford [10] .
Assume that we are given the canonical lift A of an ordinary abelian variety in characteristic p > 0. Assume that A admits an ample symmetric line bundle L of degree 1. It is proven in [2] that there exists a canonical theta structure Θ for the p-th power line bundle L p . The canonical theta structure actually depends on the choice of a Lagrangian structure. The theta null point with respect to the canonical theta structure gives an arithmetic invariant which is attached to the triple (A, L, Θ).
It is classically known that there exists a canonical lift F : A → A (p) of the relative p-Frobenius morphism. Assume that there exists a p-adic lift σ of the p-th power Frobenius automorphism of the residue field. In the following we describe the interplay of the action of F and σ on the canonical arithmetic invariant of the canonical lift. First, consider the following construction using the Frobenius lift F . One can prove that there exists an induced ample symmetric line bundle L (p) of degree 1 on
The p-th power of the line bundle L (p) carries a natural theta structure Θ (p) which one obtains by canonically descending the canonical theta structure Θ along the Frobenius lift F . As a consequence, one gets an arithmetic invariant of A (p) by taking the theta null point with respect to the triple (A (p) , L (p) , Θ (p) ). Another way of defining an arithmetic invariant of A (p) is by twisting the triple (A, L, Θ) along the automorphism σ. We denote the resulting triple by (A (σ) , L (σ) , Θ (σ) ). Since A is assumed to be a canonical lift, it follows that A (p) and A (σ) , and the p-th powers of the line bundles L (p) and L (σ) , are isomorphic. In this article we prove the following equality.
Theorem. Up to isomorphism one has
The above theorem is proven in Section 2. It tells us that, in fact, the two constructions from above, namely the descent along F and the twisting by σ, define the same arithmetic invariant of A (p) = A (σ) . The equality (1) implicitly gives a set of special p-adic theta relations which hold exclusively for the canonical theta null point, i.e. the theta null point with respect to the canonical theta structure.
We remark that the compatibility of the formation of the canonical theta structure with the action of the canonical lift of the relative p-Frobenius morphism forms an essential ingredient of the proof of the theta relations that are used in the quasi-quadratic point counting algorithm that has recently been found by the author in collaboration with D. Lubicz [4] . Another application is discussed below. The results of this article complement the discussion in [3, §2.2] of the properties of the canonical theta structure. The proofs given there are valid for theta structures which are 'away from p'. In this article we deal with the inseparable case, i.e we focus on theta structures centered 'at p'.
In the following we give an application of the Galois-theoretic characterization of the canonical theta structure in the case of residue characteristic 2. As a result, we get certain 2-adic theta relations which describe the set of theta null points of canonical lifts. Now let p = 2 and d ≥ 1 an integer. Assume that the abelian scheme A from above is defined over the unramified extension Z q of degree d of the 2-adic integers. We denote the theta null point induced by the canonical theta structure Θ by (x u ) u∈(Z/2Z) g . Combining Mumford's 2-multiplication formula [10, §3] with the theta identities coming from the Galois-theoretic characterization of the canonical theta structure, given in the above theorem, we get the following 2-adic theta identities.
Theorem. There exists an ω ∈ Z * q such that for all u ∈ (Z/2Z) g the following equality holds
The latter theorem is a special case of a theorem that is proven in Section 3. As each monomial in the right hand sum of equation (2) occurs with multiplicity 2, one has the following remarkable consequence.
Corollary. The canonical theta null point (x u ) u∈(Z/2Z) g reduces to (1, 0, . . . , 0) modulo 2.
We will illustrate the above results by some examples in Section 4. By applying a multivariate Hensel lifting algorithm [7, Th.2] to the theta identities (2), one obtains an explicit method for higher dimensional canonical lifting. The lifting of the canonical theta null point based on the equations (2) has been implemented by D. Kohel [6, §4.1].
On Mestre's generalized AGM formulas
In the following we explain the difference between our results and previous work of J.-F. Mestre et al. on a generalized 2-adic Arithmetic Geometric Mean (AGM). In 2002 Mestre proposed an algorithm for point counting on ordinary hyperelliptic curves over finite fields of characteristic 2 which is based on the computation of the generalized 2-adic AGM sequence [9] . The latter algorithm extends earlier results of his on the algorithmic aspects of the p-adic Gaussian AGM (see [5] and [8] ). R. Lercier and D. Lubicz have shown in [7] that Mestre's algorithm can be modified such that its asymptotic complexity becomes quasi-quadratic in the degree of the finite field. In order to be able to compare the work of Mestre with ours, we have to recall some unpublished results of Mestre about the generalized p-adic AGM sequence. These results are partly contained in the informal notes [9] . Let g ≥ 1 and let F q be a finite field of characteristic p > 0 which has q elements. We denote the Witt vectors with values in F q by Z q . The p-adic generalized AGM sequence is defined as follows. Under suitable assumptions, Mestre's generalized AGM sequence (x (n) u ) u∈(Z/2Z) g of vectors with coefficients in Z q is given by the recursive law
where u ∈ (Z/2Z) g . For g = 1 the above formulas resemble the classical AGM formulas of C.-F. Gauss. If one starts with x (0) u ∈ 1 + 2 g+1 pZ q and if one makes the right choice in each step, i.e. one chooses the square roots ≡ 1 mod p 2−e(p) , where e(p) = 0 if p = 2 and e(p) = 1 else, then the sequence (3) is well-defined in the ring Z q . It is left as an exercise to the reader to prove the following fact.
Lemma. The generalized AGM sequence (3) converges coodinatewise to the same value, if one assumes that in each step the right choice is made and that
for all u ∈ (Z/2Z) g .
The most interesting case for the application to point counting is the case that p = 2 and the AGM sequence diverges. Let p = 2 and x (0) u ∈ 1+2 g+2 Z q . We assume that condition (4) does not hold. Mestre observed that, under these assumptions, the sequence of fractions
converges for n → ∞, where d = log 2 (q). One may verify this using the experimental implementation [1] . According to Mestre, under certain initial conditions, the above generalized AGM sequence has an interpretation in terms of theta null points of abelian varieties, and the generalized AGM transformation corresponds to a (2, . . . , 2)-correspondence on the moduli space of principally polarized complex abelian varieties.
The difference between Mestre's and our results is given by the following. We claim that the canonical theta null point of the canonical lift, i.e the theta null point with respect to the canonical theta structure, cannot be obtained as the limit of Mestre's generalized AGM sequence. Our claim follows from the following observation. In contrast to the canonical theta null point, which by the above corollary reduces to the point (1, 0, . . . , 0), the points in the generalized AGM sequence (3) collapse to the point (1, . . . , 1) modulo the prime 2.
Lercier and Lubicz apply their lifting algorithm [7, §5] to points in a neighbourhood of the point (1, . . . , 1). By the same reasoning as above, the lifted point cannot be equal to the canonical theta null point. Our claim gives rise to the following question.
Question. Is the point (1, . . . , 1) a valid theta null point in characteristic 2, more precisely, does it belong to an abelian variety in characteristic 2?
Our guess is that the above question may be answered positively if one allows degeneration.
Leitfaden
This article is structured as follows. In Section 2 we prove the Galois-theoretic property of the canonical theta structure. In Section 3 we prove theta relations which have as solutions the canonical theta null points of canonical lifts of ordinary abelian varieties over a perfect field of characteristic 2. We give some examples of canonical theta null points in Section 4. We recall some classically known facts about algebraic theta functions in Section 5.
Notation
Let R be a ring, X an R-scheme and S an R-algebra. By X S we denote the base extended scheme X × Spec(R) Spec(S). Let M be a sheaf on X. Then we denote by M S the sheaf that one gets by pulling back via the projection X S → X. Let I : X → Y be a morphism of R-schemes. Then I S denotes the morphism that is induced by I via base extension with S.
We use the same symbol for a scheme/module and the associated fppf-sheaf. By a group we mean a group object in the category of fppf-sheaves. If a group G is representable by a scheme and the representing object has the property of being finite (flat,étale, connected, etc.) then we simply say that G is a finite (flat,étale, connected, etc.) group. Similarly we will say that a morphism of groups is finite (faithfully flat, smooth, etc.) if the groups are representable and the induced morphism of schemes has the corresponding property.
A group (morphism of groups) is called finite locally free if it is finite flat and of finite presentation. The Cartier dual of a finite locally free commutative group G will be denoted by G D . The multiplication by an integer n ∈ Z on G will be denoted by [n] . A finite locally free and surjective morphism between groups is called an isogeny. By an elliptic curve we mean an abelian scheme of relative dimension 1.
2 The Galois property of the canonical theta structure
In this section we prove the characterizing pull back property of the canonical theta structure [2] . More precisely, we discuss the Galois theoretic properties of the canonical theta structure in the case where the theta structure is centered 'at p', i.e. the underlying level structure is non-étale and the corresponding polarization is inseparable. For theétale case see [3, §2.2].
Compatibility of the canonical theta structure
In the following we use the notation and the definitions of Section 5. Let R denote a complete noetherian local ring with perfect residue field k of characteristic p > 0. Assume that R admits a lift of the p-th power Frobenius automorphism of k. Let A π → Spec(R) be an abelian scheme of relative dimension g having ordinary reduction and let L be an ample symmetric line bundle of degree 1 on A. Let F : A → A (p) denote the unique lift of the relative p-Frobenius. We denote the structure map
Let r ≥ 1 and assume that we are given an isomorphism
where
et with the isomorphism (5) we get an isomorphism
Now assume that A is the canonical lift of A k . As a consequence A (p) is also a canonical lift. By [2, Th.2.2] there exist for all 0 ≤ j ≤ r canonical theta structures Θ j : (5) and (6), respectively. Recall that a theta structure of type K for a line bundle H, where K is a finite constant group, is a G m,R -invariant isomorphism of groups between the standard Heisenberg group G(K) and the theta group G(H) of the line bundle H.
Lemma 2.1. For 0 ≤ j < r the theta structures Θ j+1 and Σ j+1 are p-compatible to Θ j and Σ j , respectively.
For the notion of p-compatibility see Definition 5.5.
Proof. It suffices to prove the claim of the lemma for the theta structures Θ j where 0 ≤ j ≤ r. For trivial reasons the theta structure Θ 1 is compatible with the theta structure Θ 0 . Assume that j ≥ 1. Obviously the theta structures Θ j+1 and Θ j satisfy the conditions 1. and 2. of Definition 5.5. First, we claim that
where E p and ǫ p are defined as in Section 5.3. We verify equation (7) for points lying over K j . As the proof for points lying over K D j is analogous we do not present it here. By V i : A → A i , where i ≥ 1, we denote the i-fold application of the lift of the p-Verschiebung. Note that by the definition of the canonical theta structure we have A i = A/δ i (K i ) for i ≤ r, where δ i denotes the Lagrangian structure induced by Θ i . Let
be the liftings induced by the canonical theta structures Θ j+1 and Θ j , respectively. By descent the sections v j+1 and v j correspond to line bundles L (j+1) and L (j) on A j+1 and A j , respectively, equipped with isomorphisms
Here we consider x as a point of K j+1 by the natural inclusion K j ⊆ K j+1 . By the definition of the canonical theta structure there exists an isomorphism
where V : A j → A j+1 denotes the p-Verschiebung. Consider the isomorphism κ given by the composition
The latter equality sign follows from the fact that β j+1 and κ differ by a unit. This proves our claim. Secondly, we claim that
for points of G(K j+1 ) lying over K j+1 . The proof for points lying over
We claim that the latter isomorphism is induced by τ j . By the definition of the canonical theta structure there exists an isomorphism
where F denotes the lift of the relative p-Frobenius. The composed isomorphism
by a unit. We conclude that
. This proves our second claim and completes the proof of the lemma. Lemma 2.2. For all 0 ≤ j < r the theta structures Θ j+1 and Σ j are F -compatible.
For the meaning of F -compatibility see Definition 5.3.
Proof. As the lemma is trivial for j = 0 we may assume that j > 1. We use the notation that we have introduced in the proof of Lemma 2.1. By assumption there exists an isomorphism
Obviously assumption ( †) of Section 5.2 holds with Z 1 = 0 and
. By duality we conclude that Z ⊥ 1 coincides with the image of K j in K j+1 under the natural inclusion. We claim that Σ j = Θ j+1 (id) (notation as in Proposition 5.2). Checking the claim amounts to prove the commutativity of the diagram
where the upper horizontal arrow is induced by Θ j+1 and the morphisms σ 1 and σ 2 are as in the proof of Proposition 5.2. In the following we verify the commutativity of the above diagram for points of the form (1,
An analogous proof exists for points of the form (1, 0, l). Via the morphisms σ 1 and σ 2 we can consider (1, x, 1) as a point of G(K j+1 ). Here we consider x as an element of K j+1 via the natural inclusion K j ⊆ K j+1 . By definition its image under Θ j+1 is given by v(x) where
is the lifting which is induced by the isomorphism
For 1 ≤ i ≤ r let δ i and κ i denote the Lagrangian structures induced by the theta structures Θ i and Σ i , respectively. The class of v(x) in G(L j+1 )/K can be represented by an element of the form
j+1 ) where y ∈ K j+1 is chosen such that F δ j+1 (y) = κ j+1 (x). On the other hand we have Σ j (1, x, 1) = w(x) where w : K j → G(M j ) is the lifting that is induced by the canonical theta structure. The lifting w corresponds to a line bundle L (j−1) on A j−1 with isomorphism
where we extend our previous definition by setting A 0 = A and L (0) = L. We have
By the definition of the canonical theta structure there exist isomorphisms
The composed isomorphism γ j+1 • F * β j • V * j ξ differs from α j+1 by a unit. By the definition of the canonical isomorphism
This completes the proof of the lemma.
The pull back of the canonical theta null point
Let R be a complete noetherian local ring with perfect residue field k of characteristic p > 0. Suppose that we are given an abelian scheme A over R which has ordinary reduction. Let L be an ample symmetric line bundle of degree 1 on A. We set q = p d where d ≥ 1 is an integer. Assume that there exists a σ ∈ Aut(R) lifting the p-th power Frobenius automorphism of k. Recall that there exists a canonical lift F : A → A (p) of the relative pFrobenius morphism and a canonical ample symmetric line bundle
We set Z n = (Z/nZ) g for n ≥ 1 where g = dim R (A). Assume that we are given an isomorphism 
et with the isomorphism (8) gives an isomorphism 
where the right hand vertical arrow is the structure morphism. Let L (σ) be the pull back of L along the morphism pr : A (σ) → A which is defined by the diagram (10) . We obtain a theta structure Θ (σ) q for L (σ) q by extension of scalars along Spec(σ) applied to the theta structure Θ q :
and by chaining with the natural isomorphism Z q ∼ → Z q,σ times the inverse of its dual. Assume that A is the canonical lift of A k . Our assumption implies that the abelian schemes A (p) and A (σ) are canonical lifts which are canonically isomorphic over the residue field k. In the following we will assume that the special fibers of A (p) and A (σ) are in fact equal. By unicity of the canonical lift there exists a canonical isomorphism τ : [2] is finiteétale. We conclude by the connectedness of the ring R and by the fact that M gives the trivial class modulo p that the class of M is trivial. This proves our claim.
By the above discussion there exists an isomorphism γ :
is a given isomorphism. Obviously, our definition is independent of the choice of γ. For trivial reasons the morphism τ † gives an isomorphism.
Theorem 2.3. One has
q . Proof. First we check the pull back property for the induced Lagrangian structures. Let δ q , δ q , respectively. The isomorphism τ induces an isomorphism τ q :
The isomorphism τ q induces an isomorphism τ 
et denote the natural projections on maximalétale quotients. We denote the natural inclusion Z q,R → Z q,R ×Z D q,R by i. In order to prove our claim (11) we show first the left hand equality of the equation
The right hand equality of the equation (12) 
and hence the equation (12) is equivalent to
By the theory of finiteétale groups it suffices to check that the latter equality holds on the special fiber. Note that by assumption τ et q equals the identity on the special fiber. In fact, the equation (12) follows from equation (13) and the fact that δ (σ) q is the σ-twist of δ q . Now let r
be the sections of the natural projections π q , respectively, such that r
The sections r 
and
The claim (14) follows from the fact that there exists a unique section of the exact sequences (15) and (16). The uniqueness follows from the following observation. Passing to the strict Henselization of R we have
where g denotes the relative dimension of A over R. The sections of the exact sequence (15) and (16) 
It suffices to prove that
The elements of the group Hom (Q p /Z p ) R , µ p ∞ ,R (R) correspond to the compatible systems (a 1 , a 2 , a 3 , . . .) of p-power roots of unity in R, i.e. a p i+1 = a i for i ≥ 1. Such a compatible system necessarily has to be trivial. The latter is obvious on the level Artin local quotients of R by powers of the maximal ideal. This completes the proof of equality (14). We conclude from the above discussion that one has
We omit a detailed proof of the equality (11) on the connected component and refer to [2, §6.3] for details of the construction of the canonical level structure. The proof essentially is a consequence of the fact that the 'connected factor' of the canonical level structure equals (up to canonical isomorphism) the dual of the 'étale factor' of the canonical level structure. This completes the proof of the equality (11) .
It remains to show, on top of Lagrangian structures, that the equality of theta structures holds, as claimed in the theorem. By q comes down to checking the isomorphy of certain descent line bundles. Let F q :
be the q-fold application of the lifts of the relative p-Frobenius and the Verschiebung, respectively. By construction we have
We first consider the descent of
By definition of the canonical theta structure both of the line bundles M (σ) and M 
We claim that q , by construction both can be prolonged to sections of the connected-étale sequence
But there exists a unqiue section of the latter exact sequence of Barsotti-Tate groups. By the same reasoning as above, as a consequence of (17), we conclude that s (p) = s (σ) . This completes the proof of the theorem.
Theta null points of 2-adic canonical lifts
Let R be a complete noetherian local ring with perfect residue field k of characteristic 2. Assume that R admits a lift σ of the 2nd power Frobenius automorphism of k. Let A be an abelian scheme over R of relative dimension g. Let L be an ample symmetric line bundle of degree 1 on A. We set Z n = (Z/nZ) g for n ≥ 1. Assume that we are given q = 2 j where j ≥ 1 and an isomorphism
et denotes the maximalétale quotient of A [q] . Suppose that A is the canonical lift of A k . By [2, Th.2.2] there exists a canonical theta structure Θ q of type Z q for the pair (A, L q ) depending on the isomorphism (18). Let (x u ) u∈Zq denote the theta null point of A with respect to the canonical theta structure Θ q .
Theorem 3.1. There exists an ω ∈ R * such that for all u, v ∈ Z q one has
Proof. We can assume that we have chosen an isomorphism
which extends the given trivialization (18). We remark that in order to choose the isomorphism (20) one may has to extend the base locally-étale. Our assumption is justified by the fact that the resulting formulas are already defined over the given ring R. By [2, Th.2.2] there exists a canonical theta structure Θ 2q for the line bundle L 2q of type Z 2q which depends only on the isomorphism (20).
Assume that we are given a rigidification of the line bundle L. For an abstract finite constant commutative group K we denote V (K) = Hom(K R , O R ). Let π : A → Spec(R) denote the structure morphism of the abelian scheme A. By general theory one can choose theta group equivariant isomorphisms
which are uniquely determined up to scalar. As explained in [10, §1] , together with the chosen rigidification, these isomorphisms determine finite theta functions q L q and q L 2q in V (Z q ) and V (Z 2q ), respectively, which give the coordinates of the induced theta null points. It follows from Lemma 2.1 that the theta structures Θ q and Θ 2q are 2-compatible, and hence satisfy the compatibility assumptions of Theorem 5.7. As a consequence, by Corollary 5.8 there exists a λ ∈ R * such that
for all u, v ∈ Z q . By Theorem 2.3, which describes the action of σ on the canonical theta null point, by Lemma 2.2 and by [3, Lem.3.5] we deduce from equation (21) that
This completes the proof of the theorem.
We remark that one has x 0 ∈ R * . For the case q = 2 this follows immediately from the specific shape of the equations (2), as pointed out in the introduction. The case q > 2 can be reduced to the case q = 2 by descending along the relative Assume now that k is a finite field of characteristic 2 and that we have normalized the theta null point such that x 0 = 1. The resulting ω then is uniquely determined and is expected to be related to the inverse of the product of invertible eigenvalues of the q-Frobenius endomorphism of A Fq . Evidence is given by the example of Section 4.1.
Examples of canonical theta null points
In the following we will illustrate Theorem 3.1 by some examples. The following examples have been computed using the computer algebra system MAGMA.
Elliptic curves with 2-theta structure
Let E be an elliptic curve over Z q where Z q denotes the Witt vectors with values in a finite field F q with q = 2 d elements. By σ we denote the canonical lift of the absolute 2-Frobenius of F q to Z q . Assume that E has ordinary reduction and that E is the canonical lift of E Fq . Let L denote the ample symmetric line bundle associated to the Weil divisor given by the zero section 0 E of E. There exists a unique isomorphism
et .
By [2, Th.2.2] there exists a canonical theta structure of type Z/2Z for the pair (E, L ⊗2 ). By Theorem 3.1 there exists an ω ∈ Z * q such that the coordinates of the theta null point (x 0 , x 1 ) with respect to to the canonical theta structure satisfy the equations
The equations (22) imply that x 1 ≡ 0 mod 2. Hence x 0 ∈ Z * q . We set µ = x 1 /x 0 . Rewriting the equations (22) in terms of µ we get
We set L = End Zq (E) ⊗ Q.
Case d = 1. Equation (23) implies that
A short calculation shows that L = Q( √ −7) which has class number 1. The polynomial x 2 + x + 2 is reducible over L. We remark that µ = 2ω. Note that as expected ω is the inverse of the invertible eigenvalue of the 2-Frobenius endomorphism of E F 2 .
Case d = 2. Equation (23) implies that
Assume that the j-invariant of E F 4 is not equal to 1. Then L = Q( √ −15) which has class number 2. The polynomial x 4 + 4x 3 + 5x 2 + 2x + 4 generates the Hilbert class field of L.
One can relate µ to the classical invariants λ and j in the following way. Let Q q denote the field of fractions of Z q .
Lemma 4.1. The curve E Qq can be given by the equation
Proof. The morphism τ : E → P 
The latter transformation maps the point [−µ, 1] to [1, λ] . This completes the proof of the lemma.
Lemma 4.1 implies that the j-invariant of the above elliptic curve E equals −15
3 if E Fq has j-invariant equal to 1.
Elliptic curves with 4-theta structure
Let Z q , Q q , σ, E and L be as in Section 4.1. Assume that we are given an isomorphism
By [2, Th.2.2] there exists a canonical theta structure of type (Z/4Z) for the pair (A, L ⊗4 ) depending on the trivialization (24). The canonical theta structure induces a closed immersion τ : E → P . By symmetry the theta null point lies in the plane y 1 = y 3 . For more details see [10, §5] . We can assume that x 0 = 1. By Theorem 3.1 there exists a unique ω ∈ R * such that
Now assume that d = 1. By equation (28) we have x 2 = 2ω. It follows by the equation (27) that x 1 = x 3 = ω(1 + 2ω). As a consequence we have
where λ is as above. Finally we conclude by equation (26) that
Background on algebraic theta functions
In this section we recall some classically known facts about algebraic theta functions which are necessary in order to prove Theorem 3.1. We present Mumford's results on an algebraic theory of theta functions in such a way that they apply to our situation. The theory of algebraic theta functions was developed by David Mumford in [10] , [11] and [12] .
Theta structures
Let A be an abelian scheme over a ring R and L a line bundle on A. Consider the morphism
where · denotes the class in Pic A/R (R). Also it is well-known that if L is relatively ample then ϕ L is an isogeny. In the latter case we say that L has degree d if ϕ L is fibre-wise of degree d. Let S be an R-algebra. We define the theta group of L as the functor
The functor G(L) has the structure of a group given by the group law
There are natural morphisms
where 0 A denotes the zero section of A and τ α denotes the automorphism of L given by the multiplication with α. The induced sequence of groups
is central and exact. Now let L be relatively ample of degree d. Then A[L] is finite locally free of order d 2 . Let K be a finite constant group. The standard theta group of type K is given by the scheme
For more details about theta structures we refer to [10, §1].
Mumford's Isogeny Theorem
Let R be a noetherian local ring. Let I : A → A ′ be an isogeny of abelian schemes over R. Assume that we are given ample line bundles L and L ′ on A and A ′ , respectively. Suppose we are given theta structures
where K A and K A ′ are finite constant groups. Let α :
be a surjective morphism of groups having kernel Z 1 . There exists a theta structure Θ A (σ) of type K A ′ for the pair (A ′ , L ′ ) depending on the theta structure Θ and the morphism σ.
Proof. Let G(L)
* denote the centralizer of K in G(L). There exists a natural isomorphism of groups 
Mumford's 2-multiplication formula
Let R be a noetherian local ring and let A π → Spec(R) be an abelian scheme and L an ample symmetric line bundle on A which is generated by global sections. Let n ≥ 2 be an integer. We set L n = L ⊗n . Assume that we are given theta structures
One defines a morphism of groups ǫ n : G(L) → G(L n ) by setting (x, ψ) → (x, ψ ⊗n ). . On the image of G m,R the morphism ǫ n equals the n-th powering morphism.
Next we define a morphism of groups η n : G(L n ) → G(L) using the symmetry of L. Assume we are given (x, ψ) ∈ G(L n ). Since L is symmetric there exists an isomorphism γ : L
Since nx is a point of A[L] there exists an isomorphism ρ : L ∼ → T * nx L inducing the above isomorphism. Since [n] is faithfully flat the morphism ρ is uniquely determined. We set η n (x, ψ) = (nx, ρ). One can check that this definition is independent of the choice of γ. The map η n restricted to G m,R equals the n-th powering morphism.
We denote the Lagrangian structures corresponding to Θ and Θ n by δ and δ n , respectively. Suppose that K ≤ K n and K = {nx|x ∈ K n }. Also we assume that δ n restricted to K × K D equals δ. As a consequence the multiplication-by-n morphism on K n × K D n induces an epimorphism
For a proof of Theorem 5.7 over a field see [10, §3] . Without major changes the proof given there applies to our situation. Assume that we have chosen an embedding Z 2 ⊆ K 2 where Z 2 = (Z/2Z) g and g = dim R (A). Applying the above theorem to the Dirac-basis of V (K) and evaluating at the zero section of the abelian scheme A gives the following relation for theta null values.
Corollary 5.8. Suppose Θ and Θ 2 are 2-compatible theta structures. Let u, v ∈ K 2 such that u + v, u − v ∈ K. There exists a λ ∈ R * such that
